Based on our earlier theoretical work on tracking periodic patterns into spatiotemporal chaotic regimes in spatially extended systems, we present in this article a case study of a high-aspectratio three-level laser. Following a detailed investigation into travelling wave solutions of the laser system and their stability conditions, we discuss ways of stabilising these solutions by local feedback algorithms. In numerical simulations, we choose Pyragus continuous delayed feedback algorithm to be the local feedback form and demonstrate that stable travelling wave solutions of the spatially extended three-level laser can be greatly extended to unstable regions in the presence of this feedback.
Introduction
Spatiotemporal chaos occurs when different types of motion, excited in local regions in an extended system, interact to destroy the spatial coherence of the system concurrent with the onset of temporal chaos. This phenomenon in continuous physical systems is described by partial differential equations. While the transition from coherence to spatiotemporal chaos has yet to be characterised by global quantitative laws, certain normal mode equations have shown that such a chaotic state in a spatiotemporal context underlies different unstable coherent structures, which are sensitive to small perturbations. The possibility of controlling spatiotemporal dynamics by these perturbations has recently inspired considerable theoretical and experimental effort in many branches of nonlinear science [Sepulchre & Babloyantz, 1993; Hu & Qu, 1994; Auerbach, 1994; Qin et al., 1994 , Aranson et al., 1994 Johnson et al., 1995; Lourenco et al., 1995; Petrov et al., 1995; Poon & Grebogi, 1995; Hagberg et al., 1996; Lu et al., 1996; Bleich & Socolar, 1996; Martin et al., 1996; Battogtokh & Mikhailov, 1996] . This offers an opportunity to stabilise, select and manipulate these systems for applications.
To control a spatially extended dynamical system, a feedback with spatial coupling is often applied to the system so that a desired state can be stabilised. Systems investigated are both one-and two-dimensional, continuous or discrete, in various disciplines. Based on these developments, control methodology has been further explored where emphasis has been given to algorithms which are simple and more readily implemented in experiments. In our recent work, it has been established that unstable periodic solutions of spatially extended twodimensional systems, when weakly perturbed, can be stabilised by local feedback without spatial coupling [Lu et al., 1997] . This is due to the fact that the evolution equations for weak perturbations to these periodic solutions can be reduced to ordinary differential equations, because of the decoupling of the wave numbers in the perturbations to a first order small signal approximation. As a result, stable periodic solutions can be tracked to unstable and spatiotemporal chaotic regimes by simply utilising feedback control algorithms established for controlling temporal chaos in spatially constrained systems. In this article, we provide a case study of a high-aspect-ratio three-level laser in which a detailed investigation into the stability of travelling wave solutions of the laser system and ways to stabilise these solutions by local feedback are discussed. In numerical simulations, we choose the well-known Pyragus continuous delayed feedback algorithm to be the local feedback and demonstrate that stable travelling waves of the spatially extended laser system can be greatly extended to unstable regions in the presence of this feedback.
Theory for the Tracking Procedure
We first give a brief review of the theory for tracking procedure by using local feedback algorithms. We consider a general form of a distributed nonlinear optical system
which admits a travelling wave solution of
where q is the complex amplitude of the electromagnetic field, N the nonlinear function describing the local field-material interaction, ∇ 2 ⊥ the transverse Laplacian in two-dimensional space r(x, y) and t the time. µ is the control parameter of the system and D a coefficient describing diffractive coupling in space. k and ω are the characteristic wave vector and frequency of the travelling waves while C is the amplitude. The stability of the travelling solution is determined by standard perturbation analysis which yields
where δq is the perturbation strength and N and N are the first and second derivatives of N with respect to q at q = q 0 . We note that terms of δq * should appear in the above equation if N comprises explicitly the variable q * . In Fourier space, the perturbation is of the form δq(r, t) = e i(k·r−ωt) +∞ −∞ δq p e ip·r dp ,
where δq p is the perturbation strength with wave vector p. By substituting Eq. (4) into Eq. (3), we derive the evolution equation of perturbation for the specific p
We note that since Eq. (2) is a solution of Eq. (1), N (q 0 , µ), the Jacobian which along with k, p and ω determines the linear stability of the solution, is independent of the transverse coordinate r. When the perturbation against the travelling wave solution is weak, the stability of this solution is determined by the linearisation of Eq. (5) which is a wave vector decoupled ordinary differential equation. Control of such a solution, when unstable, can therefore be achieved by a feedback approach which is no more complicated than controlling an unstable periodic orbit in an ordinary differential equation; this is
where f p is the feedback which depends only on the wave vector component p in the Fourier space. In r space the feedback is given as
which does not involve feedback coupling in different spatial regions. Thus, the feedback required for this case is local in the transverse space, in the sense that the signal at a given point depends on only its behaviour at that particular point, and not on that in the neighbouring and distant regions. It follows that when a state q is close enough to a targeted travelling wave solution of a distributed system as given by Eq. (1), this state can be stabilised to the solution by simply adopting the control algorithms developed for controlling temporal chaos in ordinary differential equations. In order to utilise the linearised approach to stabilise a traveling pattern, we may take advantage of the tracking procedure [Gills et al., 1992] which was first developed for extending a stable operating region of a lowdimensional laser system. In this procedure, the feedback to Eq. (1) is applied when the system is initially set in a region of a stable periodic pattern, and on varying a control parameter of the system, this stable solution can be extended to unstable and spatiotemporal chaotic regions in the presence of the feedback. Moreover, this tracking procedure can be adopted to manipulate a stabilised travelling wave pattern; the values of its frequency and wave vector can be altered, as can the orientation of the wave vector, by judiciously varying these parameters providing that they constitute one solution of the travelling wave family. The above analysis can be readily extended to stabilising more complex periodic patterns, such as square and hexagonal patterns, in a set of coupled equations.
Three-level Laser Model
We consider a coherently optically pumped threelevel laser as a case for study. It has previously received considerable attention as a spatially constrained dynamical system in the investigation of temporal chaos [Moloney et al., 1992; Forysiak et al., 1991] . When the transverse space is broad, self-diffraction of the inter-cavity field plays an essential role. With inclusion of this transverse coupling the Maxwell-Bloch equations describing resonant single mode lasing are generalised to
where E is the slowly varying electromagnetic field amplitude of the laser emission and P 1 , P 2 and P 3 are the normalised off-diagonal density matrix elements of the polarisation. Due to the existence of transverse diffraction, these variables are complex even for the case of resonant pumping and laser emission, showing the important role of phase in optical pattern-forming phenomena. The other variables are N 1 and N 2 , the diagonal density matrix elements describing the population differences between the common upper and lower levels of the pump and lasing transitions. Parameters of the system are σ, the cavity damping constant, g, the unsaturated gain of the laser medium, and a, the diffractive coefficient which can be set to unity by rescaling the transverse coordinates (x and y). Control parameters are A, the external pump strength, and b, the ratio of energy relaxation (γ) to dipole dephasing (Γ) rates of the medium. The laser system possesses translational symmetry and is invariant under the following transformation (E, P 1 , P 2 , P 3 , N 1 , N 2 ) =⇒ (−E, P 1 , −P 2 , −P 3 , N 1 , N 2 ), which give certain restrictions to the solutions of Eqs. (8).
Travelling wave solutions
Equations (8) admits a travelling wave solution
where k and ω are the wave vector and frequency of the travelling wave solution on the transverse plane (x, y), and E 0 , P 0 1 , P 0 2 , P 0 3 , N 0 1 and N 0 2 are the amplitudes, of which E 0 can be assumed to be real. By using the transformation E 0 = x 1 , ω = x 2 , P 0 1 = x 3 + ix 4 , P 0 2 = x 5 + ix 6 , P 0 3 = x 7 + ix 8 , N 0 1 = x 9 , N 0 2 = x 10 and substituting Eqs. (9) into Eqs. (8), we derive the following coupled equations for x 1 , x 2 , x 9 and x 10 for a nontrivial solution,
while other variables are given by
(11) Figure 1 shows a set of travelling wave solutions in three-dimensional space; the laser amplitude is the function of the pump strength A and the wave number k, with other parameters being held as g = 52, b = 0.4 and σ = 1.3. The curve for k = 0 corresponds to homogeneous steady state solutions, the laser branch (E = 0) of which exists only in a limited region of the pump strength due to the Rabi splitting effect of the laser gain profile. On increasing the value of k form a family of nontrival travelling wave solutions, which exist over an extended region of the pump strength but is limited only for small wave numbers.
Stability of travelling wave solutions
In general, the stability of the traveling solutions given by Eqs. (9) through Eqs. (10) and (11) depends on the control parameters of the laser system. To determine the stability conditions of these travelling waves, we perturb them with the following trial solution
δE p e ip·r dp e i(k·r−ωt) ,
δP 1p e ip·r dp ,
δP 2p e ip·r dp e i(k·r−ωt) ,
δP 3p e ip·r dp e −i(k·r−ωt) ,
δN 1p e ip·r dp ,
δN 2p e ip·r dp ,
where the second terms on the right-hand side are perturbations integrated over all wave numbers. By substituting Eqs. (12) into Eqs. (8) and considering only to the first order small terms, we derive the following linearised evolution equation for the perturbation strength
where (k + p) 2 is equal to (k + p) 2 for the two vectors being parallel, corresponding to the Eckhaus instability, and to k 2 + p 2 for the vectors being perpendicular, a case of Zig-zag instability. The eigenvalue equations for λ p are obtained by substituting the relation ∂δ( )/∂t = λ p δ( ) into Eqs. (13), where Figure 2 shows a bifurcation diagram of the steady state and travelling wave solutions in (A, k) two-dimensional space, for parameters g = 52.0, b = 0.4 and σ = 1.3. The region surrounded by the solid curves is that of nontrival travelling solutions in which domains marked by EI correspond to the Eckhaus instabilites and the area under ZI is Zig-zag unstable. N stands for regions of trival solutions.
Tracking of Travelling Wave Solutions
In this section, we apply the general theory in Sec. 2 to the laser equations (8) to track the travelling wave solutions from a stable region into an unstable domain. As we discussed earlier, tracking of such unstable solutions can be realised by simply adopting the control approaches developed for controlling temporal chaos in ordinary differential equations. Well-known methods for control of temporal chaos, such as the Ott-Grebogi-Yorke algorithm (OGY) [Ott et al., 1990] , occasional proportional feedback (OPF) [Hunt, 1991] and continuous delayed feedback (CDF) [Pyragas, 1992] , can therefore be used.
Here we take the continuous delayed feedback as an example. For this case, the form of the feedback as discussed in Eq. (6) is f p ∼ (δE p (t − t 0 ) − δE p (t)). Using Eq. (7) the feedback in r space is given as
which is now applied to the right-hand side of the first equation of Eqs. (8). In the above equation α is the proportionality constant defining the feedback strength and t 0 the period in time of the travelling wave solution to be stabilised. We have simulated the tracking procedure by numerically integrating the three-level laser system in the presence of CDF control in the laser field equation. The numerical integration is based on the Fourier transformation method by using typically 60 × 60 grid points in a square in the transverse plane and is checked by 120 × 120 grid point simulations. The width of the square is chosen to be 32π/k A , where k A is the spatial wave number corresponding to the largest growth rate of the unstable travelling wave solution. An example is shown in Fig. 3 . The travelling wave solutions, the frequencies and wave numbers of which are given in trace (b), are stable only in a small pump region as depicted in trace (a). These solutions corresponds to the vertical line of k = 1.78 in Fig. 2 in which the stable region is bounded by two points of the Eckhaus instability. To track this travelling wave branch, the feedback is first applied to each grid point, when the system is initially in the parameter region for stable travelling waves. The pump strength A is then increased from this region in small steps δA = 0.1 to extend to the unstable region. At each value of the pump strength, the initial conditions of the system are set to be the output of the system at its previous value, whereas the delay time t 0 in the feedback is chosen to be the period of the travelling wave at the current value of the pump strength. Numerical simulations have shown that the travelling wave can be stabilised along the dash curves of k and ω in Fig. 3(b) , extending the periodic pattern into both the spiral and spatiotemporal chaos regions. For each value of the pump strength, there is a threshold of the coefficient α for a successful tracking, the values of which are less than 1.0. In the process of tracking, the stabilised travelling waves are found to be robust against external perturbations to the pump strength A. For α = 0.7 and different values of A, the system is shown to be stable when A is perturbed by different levels of white noise signal (peak value) up to 20% of the signal. We further find that the feedback strength throughout the tracking process is small, demonstrating the noninvasive nature of the control. In these simulations it is limited to less than 2% of the laser output (peak to peak) due to the limited temporal and spatial resolution in the simulation scheme. We note that for stabilizing a state when it is far away from a targeted periodic pattern, the feedback by contrast requires both temporal and spatial coupling [Lu et al., 1996] .
The tracking procedure has also been tested numerically on travelling wave solutions of different sets of wave numbers k and frequencies ω. Moreover, such a tracking procedure can be applied to track a travelling wave solution using other control parameters of the system, for instance, the wave number k, while the pump strength is held constant. For this case, the wave number of a stabilised travelling wave can vary while the corresponding frequency is judiciously chosen so that these two parameters satisfy solutions of the travelling wave family. In such a way, the spectrum of the periodicity of the stabilised pattern can be extended. In summary, we have shown that, as an example of a spatially extended dynamical system, the high-aspect-ratio three-level laser is well within our general theoretical description for the use of the tracking procedure to extend its coherent pattern formations. The advantage of this tracking procedure lies in the use of local feedback in a spatially extended system. Such a simple control approach with no involvement of spatial coupling is more easily accessible to experiments. In optics, the CFD algorithm can be implemented using the interference technogue of theoutput beam with delayed itself.
